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ON THE MOVEMENT AND PREDICTION OF TRAVELING PLANETARY-SCALE WAVES

RAYMOND J. DELAND AND YEONG-JER LIN

New York University,* Bronx, N.Y.

ABSTRACT

Fluctuations of the planetary-scale waves, represented by spherical harmonies of the 500-mb. geopotential
field, are statistically analyzed. A study is made of the prediction of these fluectuations from previous changes and

using the non-divergent spherical vorticity equation.

1. INTRODUCTION

When numerical weather predictions were first com-
puted using a planetary grid it was found that the largest
or planetary-scale waves were computed to move rapidly
westward at roughly 90° of longitude per day (Martin,
[11]; Wolff, [13]). This produced a systematic error in
the predictions, since the largest-scale waves do not move
in this way. Cressman (3] introduced into the vorticity
equation a “barotropic divergence’’ term, scaled so as to
have its greatest effect at the largest scales. The magni-
tude of this term was empirically determined by the
requirement that it reduce the mean-square error of the
predictions as far as could be done by this means.

Recent observations of the planetary-scale waves at
500 mb. (Deland, [4, 5]; Eliasen and Machenhauer, [7])
have suggested that the fluctuations in position and
amplitude of the waves are due to the simultaneous
presence of a stationary and a traveling component.
In the case of wave number 1, in middle-latitudes in
winter, the stationary component has its maximum height
over Europe and minimum height over the North Pacific
corresponding to the long-term average. The traveling
component, of somewhat swaller magnitude than the
stationary one, moves westward at speeds variously
estimated at 40° to 70° longitude per day.

The previously reported westward wave-speeds are, for
the waves of largest scale, significantly less than those
corresponding to the non-divergent vorticity equation
(Rossby and collaborators [12], Haurwitz [9]). This
suggests that a divergence term like that of Rossby and
collaborators [12] is necessary for agreement between
observed and calculated wave-speeds.

We have investigated the possibility of predlctmg t,he
fluctuations of the planetary-scale waves, by statistically
analyzing the fluctuations of the largest-scale spherical
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harmonies of the geopotential field. In this paper we
present results of correlating the fluctuations (1) with the
previous day’s change and with fluctuations of other
harmonics, and (2) with changes predicted from the
barotropic vorticity equation, including non-linear inter-
actions with the other large-scale waves. The first, auto-
correlation, analysis was undertaken in response to the
subjective observation that there are regularities in the
fluctuations which do not fit the simple Rossby-wave
model, but which could be useful for prediction. The
second procedure provides a partial answer to the ques-
tion: how well can we predict the fluctuations of the
largest-scale waves by means of the (barotropic) vorticity
equation?

The geopotential field was analyzed because it was
immediately available at the beginning of the investiga-
tion and because previous work had already shown that
it exhibited the phenomenon of traveling planetary-scale
waves. Whether analysis of the stream function derived
from the balance equation, as has been done by Eliasen
and Machenhauer (7], gives a clearer picture of the
phenomenon has yet to be determined. The main fluc-
tuations of geopotential and stream function take place
in middle latitudes, while the distribution of the fields
among the different degrees of spherical harmonics is
strongly affected by the variations in lower latitudes, so
the analysis of either height or stream function into
spherical harmonics must be considered somewhat ‘‘un-
natural”’. It is, however, a convenient, though not pre-
cise, way of distinguishing between different latltudmal
scales, whichever field is analyzed.

2. DATA

The dats consist of surface spherical-harmonic expan-
sions of 500-mb. geopotential over the Northern Hemi-

‘sphere north of about 20°N., for 00 cmr on each day of

January 1-February 28 and July 1-August 31, 1962.
The expansions consisted of “odd” (antisymmetric about
the equator) harmonies only.:
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The height field for the Northern Hemisphere at a par-
ticular hour is expressed as the sum of the odd harmonics

M MLL
Z(\, ¢)=2> 21 (Z7, cos mA+Z7 sin mA) P ()

m=1 n=m+
-+ zonal harmonies

where the sum includes only values of » for which n—m is odd.
A is longitude and ¢ is latitude. m is longitudinal wave-
number and 2(n—m) corresponds roughly to wave-number
in the latitudinal direction: the latitudinal scale decreases
as 7 increases. For a given harmonic (m,n), Z7 and
Z7 are constant, and may be referred to as the magnitudes
of the “cosine’” and ‘“sine” components of the particular
harmonic. P7(¢) is the associated Legendre function of

the first kind.

3. MOVEMENT OF TRAVELING PLANETARY-SCALE
WAVES

In this paper, we are concerned with the behavior of
the largest scales only, as given by m=1, 2, and 3 and
n—m=1, 3, and 5.

The two components Zz and Z7, constitute a vector
amplitude Z7, equivalent to scalar amplitude and phase,
or the “complex amplitude’” if complex exponentials are
used. When the vector amplitude. Z7 of a planetary-scale
wave is plotted on a polar diagram for successive days
as in figures 1 and 2, the plotted point describes a char-
acteristic clockwise circular path. This behavior is

Freure 1.—Z}for July 1962.

sketched in figure 3. The circular motion is interpreted
(Deland [4]) as being due to a clockwise rotating vector,
representing a westward-traveling component as also
suggested by Eliasen and Machenhauer [7].

An interesting feature of the clockwise rotation is that
it is often faster, corresponding to faster-moving waves,
for smaller fluctuations. Although not apparent in figures
1 and 2 this behavior is evident on many plots of the
waves (cf. Deland [4, 5]), especially those for Z.. The
relation of speed to amplitude has not yet been quanti-
tatively determined.

The fluctuations of Z!, in figure 2 {for August 1962)
appear to be correlated with the simultaneous fluctuations
of Z} plotted in figure 1. The fluctuations of Z} appear
to be the sum of a slow clockwise motion and a faster
clockwise motion in phase with the rotation of (1, 2).

COMPUTATIONS

The rotation of the wave-vectors, corresponding to
propagation of the traveling waves, and the relation
between the waves of the same longitudinal wave-number
m but different degree n, are both analyzed by computing
least-squares vector regressions (Ellison [8], Anderson [1}).

The regressions are of the form

By B,2> AYé)

(AXC 3 AXS ) = le B22 AY;

and

’ N 011 012> (AY<’:> Dll 012) (AZ;
@xs, o=t o) i) Hon o) (az
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Figure 2.—Z} for July 1962.

where ¢ and s refer to cosine and sine components and
the primes refer to deviations from the sample mean.
The multiplication of a vector by a tensor corresponds to
ordinary matrix multiplication. The first type of re-
gression has been used recently by Lenhart, Court, and
Salmela [10]. Correlation coefficients corresponding to
the regressions were computed, and are presented below.
For the multiple regression, these are total correlation
coefficients, the square root of the fraction of the variance
of AX ‘“explained” by regression on both of the other
vectors. The square of the correlation coeflicient is also
tabulated in each case.
The following regressions were calculated

AZ%,= [B 1AZg,_,
AZ;ZJ= [B]AZZ:;J

(1)
(2)
AZR ;=[CIAZy ;4 DIAZE,; (3)

wo=|EAZ} ;_+[FIAZE, sy (4)

where AZ7; is the 24-hr. change in Z7 beginning on day J
(see fig. 3). The regression and correlation results are
presented in tables 1-4. The first, auto-regression, pro-
cedure is schematically shown in figure 3.

The average speed of propagation of the traveling
planetary-scale waves is estimated from the regression
coefficients as follows. If the relation between one day’s
change and the next were a constant rotation, correspond-

240-141 O - 67 - 4
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Fraure 3.—Sketch of characteristic clockwise rotation and illus-
tration of auto-regression procedure.

ing to a wave traveling at constant speed with constant
amplitude, the regression tensor would be skew-symmetric,
1.e., of the form

B, B, . " .
_B, B,]’ with B:-+Bi—=1.
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TaBLE L.—One day lag aulo-regression-correlation of day-to-day changes. A« is angular rate of change, AN is corresponding longstudinal
speed, E & M is speed computed by Eliasen and Machenhauer [7], R-H is Rossby-Haurwitz speed, X is divergence factor (equation (8)).

AZD ,=[BJAZD .,
o, (meters) By Bz By By R, R,? A an Efo R-H x
January-February

1,2 12.6 0.26 0.59 —-0.44 0.27 0.58 0.3¢ —63° —63° —70° ~100° 4.4

1,4 4.0 .2 16 —17 .55 .49 .24 —22° —-22° -20° —20° -8

1,6 15.5 .23 —. 03 07 .50 .42 .18 +8° -+8° - —4° .-

2,3 10.5 .27 .36 —. 26 .08 .37 .14 —61° —30° ~40° —48° 6.6

2,5 13.6 .28 19 21 .41 .43 .18 +1° 0° —12° -11° -

2,7 14.0 .29 —-.19 32 .38 .4 .19 +-37° ~+18° - +1° -

34 10.3 12 .03 -1 .3 119 S04 —2° —7° -20° —~23° 42,7

3,6 12.2 .51 -. 27 47 .05 .61 .26 +53° +4-18° -8° —4° .

38 14.6 .12 —. 44 52 .09 .49 .24 +77° -+26° - +4° -

July-August

1,2 10.7 .20 .94 —. 66 .16 .82 .67 -77° -77° —70° —116° 3.0

1,4 6.3 24 23 -1 .30 .33 .11 —32° —32° —20° —-31° .

1,6 8.1 —2 —. 01 —o . .29 27 07 0° 0° .. —12° -

2,3 7.4 05 46 —. 61 .20 .56 .31 —77° —~38° —~40° —~55° 5.1

2,5 6.6 .26 .17 —. 14 .35 .35 .12 —° —14° —-12° —-19° 10.4

2,7 6.2 .12 .02 .01 .34 .26 .07 -1° 0° . —8° .

3,4 6.1 .07 .54 —. 50 .30 .55 .30 -70° —~23° —20° —-31° 6.2

3,6 6.6 .53 2 —2 .33 .52 L7 —29° —10° ~8° —12° 10.0

3,8 6.3 .21 —. 08 03 .38 .31 .10 +11° +4° - —5° -

TABLE 2.—Cross-correlation of changes for pairs of harmonics. Ae ts phase difference between two harmonics.
AZz s=|BlaZy,;
January-February July-August
By, By, By By R, R? ey By By By Bn R, R? e

Z-}: Z 0. 50 0,12 —0.19 0.43 0. 53 0.28 —18° 0.63 ~0.10 0. 34 0.90 0.49 0.24 +16°
Z1: Z, —.10 .23 —.16 .17 .29 .08 . ~. 58 -. 05 .13 -, 02 .34 .12 +163°
FAH Z, .47 —. 16 21 .63 .53 .28 -18° .19 .15 .00 .38 .52 .27 —15°
Za Z, 33 06 -, 12 .72 . 64 .41 . .19 .02 11 .45 .40 .16 +8°
Zg: Z. —. 04 —.11 .39 .31 .29 08 . - 37 .08 .02 - 02 .37 14 —172°
Zg: Z. .48 07 .24 .79 .64 .41 +7° .41 .08 —. 05 . 50 . 36 .13 —9°
Z3: Z, 34 - 01 - 04 .33 .43 .19 -2¢ .54 .05 .08 .55 .48 .24 +2°
Z3: Z. —. 03 .02 . 00 .01 .03 00 Lol L —. 08 .00 —. 06 —-.15 .10 .01 ~165°
Zi: Z: .62 00 .13 . 50 I~ T 2° . 40 07 .04 .46 .49 .24 ~2°
Zg. . Z 60 11 —. 08 .63 .64 .41 -5° .33 .13 —. 16 .46 .41 .17 —20°
Y44 Z; —. 05 00 .02 .03 .03 00 s -, 05 —.03 .01 .01 10 .01 +168°
Zy: Z .63 -, 09 .09 .69 .65 .42 +8° .28 —. 16 .09 .41 .41 17 +20°
Z3: Z, 64 -.14 -.15 33 .58 .34 —-1° .B5 -.02 15 .69 .68 .46 +8°
Z3: Z; —. 06 11 .02 -—. 05 .12 [N 1) S —. 08 —.25 —-. 10 —-.31 .28 .08 +4-136°
Z5: Z; .70 —.13 .05 .52 .88 .30 +8° .76 12 —-. 11 .68 .67 .45 —g°
Z3: Z, 34 .35 -, 04 56 .64 .41 —25° .40 - 29 16 .23 .41 .17 +36°
Zg: Z. - 07 04 .15 - 11 .10 [N 1) -4 .24 —.15 - 26 14 .07 -128°
Z3: Z, .68 —. 03 .39 .58 .62 .38 +18° .43 .16 —. 24 .14 .43 .18 —35°

With the assumption that the actual relation is the sum of
such a rotation plus some additional non-rotational aver-
age ‘“‘distortion’”’, the problem of estimating the speed of
propagation is reduced to that of estimating the skew-
symmetric part of the regression, i.e., B; and B,. The
skew-symmetric part of the regression tensor is given in
terms of the computed components of the tensor by

Byu+Bn Bip—By
2 2
Bi;—Byy Bu+Bs
2 2

The magnitude of the average angle of rotation from one
day’s change to the next is then given by

BZI—-B12’

-Bll+ B22

and its quadrant is easily determined from the skew-
symmetric tensor. This angle is tabulated for each of
the regressions in tables 1-4, with positive angles corre-
sponding to clockwise rotation.

In view of the ‘‘tendency toward zero’ of the regression
coefficients when the correlation is low, evident in the
computed values given in table 1, the question of bias in
the estimates of Aa arises. It can be shown, using a

Zﬁ‘ =arctan
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TaBLE 3.—Double regression of changes for one harmonic on another harmonic and itself a day earlier. _A-;z's phase diﬁ'erence,?ﬁ 78 equivalent
longitude difference

AZZ=[CIAZ, - +ID]AZE

January-February July-August
Cu Chz Ca Cxn R2 A_,; an Cu Ciz Ca Cu R? Z; a
Dy Dig Da Dz Dy Dis Da Dy
7 Z 0,18 054 —~0.41 0.10 0.49 —74° —74° 618 0.95  —0.55 0,04 —82°
z Z 30 - —.09 40 —4° —4° .00 ~.13 .33 57 +39°
7. & 24 .60 —.48 17 38 —69° —69° .19 .88 ~.65 26 -73°
> zZ 07 .02 .03 2% e -10° —10° —.15 .07 .2 08 +170°
g1 Z 25 08 .05 45 12 —11° —11° 10 17 - 05 —26°
v Z 45 —.12 .01 [ +10° +10° —.02 .35 —.05 30 —73°
1. Z 12 20 —.25 23 ] —51° —51° .23 .z -0 —35°
4 Z 33 —.03 .01 61 . +3° +3° .21 .05 14 40 +9°
7. Z 23 —.03 12 44 23 +18° +13° —~.39 .00 .05 +171°
L/ o1 -1 .28 2 e +5¢° +5¢° .35 35 —-.16 16 —45°
7. & 24 —11 .0 2 46 414° +14° .34 .04 09 50 +4°
s Z 50 08 .20 6 .. +6° +6° 17 -. 87 —.10 41 +25°
. Z 20 .37 —-.26 02 30 —71° -36° —.05 .40 -, 57 08 —44°
3z 32 ~.08 .00 31 +5° +2° 46 —.07 22 38 +-10°
73 2 30 —.08 .18 11 46 +30° +10° .40 .28 —.36 33 —14°
8 Z 36 .18 —.01 4 -13° -4 .26 -2 35 23 +18°
z8 z3 13 -4 .52 07 25 +79° -+26° -. 10 .26 —. 02 30 —48°
©Z 03 —. 02 .13 —12 . —60° —20° 69 —. 42 —.65 60 —4°
7. & —.01 - 50 .36 00 54 —89° -30° 40 .16 —.19 06 —-12°
8 Z .70 14 .36 40 +110° +4° 20 —.04 —. 06 59 +7°
g2 Z 27 37 —-.2% 07 14 —61° —30° .05 A7 —. 61 21 —38°
3 Z 00 -.08 .01 ) +77° +38° .04 —~.03 07 —.05 +48°
2. Zi 21 13 .2 42 3 +7° +4° .35 .12 —.01 40 —6°
Zs g 52 08 —.04 48 . -7 -1 .13 36 —.31 36 —27°
2. Zi 17 23 .23 o4 48 —-24° -12° 19 .24 -2 21 —24°
Zs: Z 60 — 04 - 07 ;7 +5° +2° 34 .02 - 11 42 -5°
2 & 30 —.19 .33 39 19 +37° +18° —.07 —.05 02 —0 +56°
T 22 —.0l -0 .00 —05 .. —33° —16° .13 .02 —-.12 31 -8°
1 & 18 —.20 .2 14 49 +55° +27° .25 -2 —.10 39 +12°
T Z .60 —.01 .05 8 . +3° +2° 07 .04 01 30 -3
73, Z —.07 14 —.15 18 —70° —23° —.12 .39 —.36 10 —29°
1 Z 67 —.13 -0 .7 S, +2° +1° 47 -13 2 54 +6°
7. & 09 .04 —.10 23 05 —25° —8° .1 .52 —.51 2 —23°
vz - 07 13 .03 —03 - -+46° +15° - 09 - 26 22 —14 +37°
2 39 -7 .53 00 52 +64° +31° .62 30 —.13 61 —6°
6 Z3 .64 —. 06 —.04 7 . +1° 0° .58 37 —~. 69 05 —20°
simple ‘rotation plus noise’” model, that Ae is unbiased RESULTS

to the extent that it is not affected by the addition of
random ‘‘noise” and/or an additional non-rotational
component of the fluctuations.

For the regression of AZ, on AZ;_, the estimated angle
corresponds to the phase speed of the waves; the spatial
speed of propagation in degrees of longitude per day is
then equal to the phase speed divided by longitudinal
wave-number. The speeds of propagation are tabulated
in tables 1, 3, and 4, with sign such that westward propa-
gation corresponds to negative speeds, following the usual
convention. For the cross-correlations between different
degrees, the derived angle Ax corresponds to a phase shift
between the rotating part of the two harmonics, one being
ahead of the other. In this case a positive angle means
that the ‘‘dependent” vector (on the left hand side of (2))
is on the average rotated clockwise from the “independent’
vector (on the right hand side).

First considering the auto-regressions, AZ; on AZ;_,,
it is apparent that the regression coefficients correspond
to the simple rotation model to a varying extent. In the
winter period only (1,2) and (1,4) and perhaps (2,3) show
definite rotation. The rotation is considerably more
apparent in the summer months, the regression coefficients
for (1,2), (1,4), (2,5), and (3,6) all conforming to the skew-
symmetric pattern quite closely, and the other two also
doing so fairly well. Tt is also noticeable that the auto-
correlation coefficients are also generally higher in the
summer period.

In both periods the behavior of the largest-scale wave
(1,2) is closest to the simple traveling wave model.

The estimated wave-speeds toward the west are in
every case less in the winter than in the summer period,
the difference ranging from 10° to 28° longitude per day.
In view of the erratic form of some of the regression
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TaBLE 4.—Double regression of changes for one harmonic on both iself and another harmonic o day earlier. Ag is phase difference,” AN 4s
equivalent longitude difference

AZT y=[EIAZY ;+[FIAZT

January-February July-August

L, E ) - E E, E. -— _—

A " Fa Fr B ap ax e Fiz Fn Fn B ¢ Ax

P Z% o.ﬁg 0.66 —0.49 0.19 0.36 —67° —67° 0.18 0.96 —0.67 0.16 0.69 ~78° ~78°
© oz} - -1 .06 B U, .11 -~ 08 .08 — 02 iiicet e el
7. z} 25 57 —. 46 24 35 —65° —65° 20 .94 ~.63 .15 69 —-77° —77°
* z -.10 .02 L 02 07 it e el —.01 08 .08 -18 .. +1° +1°
g1 & 24 03 —.13 50 27 —12° ~12° .20 08 .03 30 19 —6° —6°
+ zZ 16 26 —. 03 12 . —46° —46° —.03 15 -20 —-02 ... +82° +82°
7. Z 36 26 -2 55 27 —-31° -31° .18 u -.19 27 19 —50° —50°
* Z —-.13 - 11 .27 -0 —69° —69° .12 -.21 .2 17 S +70° +70°
7. & 2 —.02 12 42 16 +13° +13° .34 —. 02 ~. 08 30 22 ~5° —5°
s Z; 23 -2 .07 30 . +32° +32° .10 —.42 .02 08 +74° +74°
71, VA 08 —. 06 .10 30 24 +24° +21° .27 13 —. 08 32 10 —19° ~19°
6 Z 4 .00 .00 28 ... 0° 0° -, 07 ~.31 —.01 - 06 +67° --67°
7. 2 21 .35 —.36 07 15 —68° ~34° —.05 4 —-.59 13 7
3 Z2 09 11 .15 — 02  Lill. iie e .25 02 —.08 17 aeee- -13° —6°
7. z3 27 .36 —.26 08 15 —61° —~30° .06 47 —. 61 19 32 -77° —38°
3z - 04 .02 .10 1) 17 02 00 =05 ool eien el
z% z: 29 .23 .31 43 21 +6° +3° .19 11 —. 04 33 16 -—16° -8°
- ZE —. 01 —. 12 - 28 N .1 11 -2 07 s —61° —380°
Z2 z 28 .35 .19 24 22 ~17° -8° .2 25 —.16 38 13 —34° -17°
5z 06 -2 .00 24 +36° +18° .19 —.13 T
72 z 29 —.19 .32 38 20 +38° +19° .12 —-.02 .02 36 12 +5° +2°
T Z 06 —.10 .05 15 .. +35° +18° .07 —. 20 13 0 +61° +30°
2 Z 25 —.35 .23 2 23 +48° +24° .02 i —.03 24 14 —-28° —-14°
"z 11 2% .18 14 —14° -7° .2 -2 .18 19 +-48° +424°
3. & —.02 06 —.14 24 1 - 10 .48 —. 55 16 7
¢ Z 20 —. 01 .04 L ) .23 .05 .10 e +6° +2°
7 i 09 05 —. 10 22 05 —26° —9° ,03 .50 —.48 .31 32 —~71° —24°
& Z —.03 .16 .01 L 1 S —. 08 —.23 .09 1
7. % 55 -.31 66 —05 .2 . . .56 .02 - 11 .31 30 -9° -3°
5 73 -0 .09 —.25 b S —.13 .31 —.25 202 it e e
2z g g; —.39; :13; 03 +4¢° -+16° .54 .28 —-.29 .26 31 ~35° -12°
- . . 05  iei i e -.12 -7 .23 B

1. & 14 —.46 .54 05 +80° +27° .23 —.07 .04 .45 1 +10° +3°
8 Z, 13 —.15 .28 ~ 14 . liiin eeeens .14 —. 08 .18 03 e +56° +19°
g Z —. 04 —.49 .34 o1 3B el - .09 .05 .04 .37 16 -1° o
L 45 —.18 A7 BT U S .36 —-.10 ~.0 08 ... +8° +3°

tensors, the consistency of the summer-winter speed
difterences may be partly coincidental.

Let us compare these results with those of Eliasen and
Machenhauer [7] (which are for movement of the tend-
ency field, but comparable) and Deland [5]. As shown
in table 1, Eliasen and Machenhauer’'s results. for Jan-
uary 1957 agree quite .closely with. ours, though, rather
surprisingly, better~ with- those for the sumnier period
than those for the winter. Deland’s [5] speeds for April
1961 are, on the other hand, all considerably greater
algebraically, i.e., less westward than the others. Com-
parison of figure 1 with figure 1 of Deland [5] shows that
the difference is not entirely due to the different methods
of analysis: the rotation apparent in figure 1 (of this
paper) for August 1962 is clearly more rapid on the average
than that shown in the earlier paper for April 1961.

Considering now the results for the cross-correlations
between different degrees, in table 2, we see that the
relationship apparent in figures 1 and 2 shows up as a
moderately high correlation of AZ} with AZ} in both sum-

mer (0.52) and winter (0.53). Correlations of similar
magnitude appear for AZ{ on AZ} (high correlation in
winter, low in summer). AZZ on AZZ and AZ} and AZ},
(0.67, in summer, 0.55 in winter). All “adjacent’’ pairs
of harmonics, AZ} and AZ}, AZ; and AZ;, ete., are at least
moderately well correlated and closely in phase, both in
summer and winter. The correlations between AZ} and
AZE, AZ2 and AZZ, AZ} and AZE are small, but it is inter-
esting that in summer the corresponding changes in these
pairs are almost opposite in phase. This does not cor-
respond to oppositely moving waves, a relationship that
is excluded by the regression computation. The interpre-
tation of this observation is postponed until after the
results for the multiple regressions are presented.

The results for the multiple-regression correlations in
table 3 show that the total correlations are in each case
higher than for the correlations between pairs of vectors,
presumably mainly because the independently varying
parts of the vectors on the right hand side of equation (3)
“‘explain’’ some of the variation of the dependent vector,
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but also in part because of the decreased ‘‘degrees of
freedom” of the computed coefficients. The interpreta~
tion of the partial regressions is complicatéd by the time
lag between the dependent variable and one of the predic-
tors (the predictand itself for previous day). In particu-
lar, the opposite phase of AZ} and AZ§ ete., previously
mentioned, is apparently masked by the fact that here
we are regressing AZ} on the part of AZy that is uncorre-
lated with AZ: for the previous day.

The calculated wave-speeds present a regular variation
with scale, as can be seen from figure 4. 'The wave-speeds
are considerably greater toward the east in winter than
in summer, as has already been observed for the auto-
correlations. The difference between winter and summer
increases with decreasing scale, up to 25° to 30° of longi-
tude per day for the smallest scales considered here.

According to calculations of Eliasen and Machenhauer
[7], the difference between winter and summer speeds
cannot be due to the difference in advection by the zonal
wind, even allowing for the varying weighting of the latitu-
dinal variation of the zonal wind for different harmonics.
They have computed interactions with the zonal har-
monics for December 1956—January 1957 (see their table
10) and it is apparent that not only are they small (except
for (1,2), (2,3) and (3,4)) even in winter but they decrease
with decreasing scale. It follows that the difference be-
tween the observed wave-speeds in summer and winter is
considerably greater, for all but the largest scales, than
can be explained by the non-divergent barotropic vorticity
equation.

The relations between the different estimates of the
speeds of the various waves is schematically represented
in figures 5 and 6. Considering Z; in January—February,
its actual westward speed from the auto-correlation calcu-
lation is 63°/day. Its fluctuations are correlated (R=
0.53) with the slower fluctuations of Z!: when the speed
of Z} is calculated holding Z} fixed (multiple regression),
the estimated westward speed increases to 74°/day.
AZ} i1s weakly correlated with AZ}: when this effect is
removed (but the effect of AZ! remains), the estimated
speed is 69° (>>63°, but <{74°). And similarly for the
other harmonics; note especially the estimates of the speed
of Zi: 22° “actusal”, 51° with Z! fixed but the interaction
with the rapidly moving Z! present; 10° eastward when
the effect of Z% i1s removed but the effect of the slower Z3
is present. The observed speeds show a consistent pat-
tern, in both the winter and summer periods. It is ap-
parent that the speed estimates by simple auto-correlation
are affected by the more rapid westward rotation correlated
with the motion of the next lower degree. This effect is
strongest in summer when the rotation of the lower-
degree waves, Z}, Z%, and Z3, is more clearly defined.

The above results are consistent with a continuous
spectrum of wave-speeds for each harmonie, which seems
to be evident in the polar diagrams, as previously
urentioned.
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Figure 4.—Variation of wave-speed with scale. Absecissa is
1/n, proportional to a representative linear seale. Points repre-
senting one longitudinal wave-number m are connected by straight
lines with value of m indicated at points for lowest and highest
degree n.

It appears that there are traveling waves present which
are similar to spherical harmonics of the geopotential
field, but not exactly the same. If we refer to the travel-
ing wave that is mostly evident in AZ} as ¢}, it appears
that A¢}, in summer at least, is made up mainly of Z3,
some Z!, and a little negative Zj. Likewise for ¢2 and
¢%. This raises the question of the form of the traveling
waves, and in particular whether the use of spherical
harmonics of a stream function derived from the balance
equation would result in a better separation of different
characteristic motions. This matter will be dealt with
in a later article.

It is of interest to relate the mean speeds of the waves to
the quasi-geostrophic barotropic vorticity equation, since
even the largest-scale waves should be governed by it
(Deland [6]). The barotropic vorticity equation can be
written

0 200
5 (P2)+V-9(V)+ 35 57=0 (5)

where z is the geopotential height, R is the radius of the
earth, and A is longitude.

If a “barotropic-divergence’’ term, suggested by Rossby
and collaborators [12] and further discussed by Charney
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Freure 5.—Schematic diagram of different estimates of wave-
speed, for m=1 in winter.
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Ficure 6.—Schematic diagram of different estimates of wave-
speed, for m=1 in summer.

(2] and Cressman (3], is included, the vorticity equation
becomes ‘

0 200z X Oz
5 (V22)+V-V(V2z)+ﬁ =T 5 (6)

where x is the divergence coefficient.
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Equation (6) is identical to Eliasen and Machenhauer’s
equation (17), except that here we are using the geo-
potential instead of the stream function. The relation of
x to Cressman’s coefficient u is given by

f2 RZ

X=Té——g-u

~7.5u.

With the barotropic-divergence term included, the
spherical-harmonic form of the vorticity equation is

a
dt

. ny(n, 1) 2(94w)
¢ Ny (7 +1) +X {[”7(’”7+1)—w] Mz

+§ D z.,zﬁl,,,g} @

Z,=—

in which v identifies a particular harmonic of the
geopotential height, of complex amplitude Z,; m, and 7,
are the order (longitudinal wave-number) and degree of
the particular harmonic; Q is the rate of rotation of the
earth; & is the average zonal wind, corresponding to the
amplitude of the (0,1) harmonic, expressed as an angular
velocity; Z. and Zs are the complex amplitude of other
waves that affect Z, through the interaction coefficient
L,ae; x is the divergence coefficient; and the other symbols
have their usual meanings.

It is seen that the theoretical effect of the barotropic-
divergence term is to reduce all wave-speeds (neglecting
interactions with other waves) in the proportion o, (n,+ 1)/
[ny(ny+1)+x]; ie.,

Wabef 60 g =Ty (T 1) [10y (M0 + 1) +X] 1.

We can thus estimate magnitudes of the coefficient x
that would correspond to the observed speeds. The
mean Rossby-Haurwitz wave-speeds are calculated from
the formula

_2(e+9)

wR_H——W—I)—w.

Thus the value of x corresponding* to the observed wave-
speeds is given by

X="y (14t 1) (@5~ 1r— Wats) Wobe- 8

The observed speeds (from table 1), Rossby-Haurwitz
speeds, and the corresponding values of x are listed in
table 1.

It is immediately obvious that the values for x are
very variable. They are, however, mostly much less than
30, corresponding to Cressman’s value of 4 for his factor u.
In general, though with conspicuous exceptions, they can
be considered roughly equal to the value of 5 deduced by
Rossby and collaborators [12] as appropriate to their free-
surface model of the atmosphere. The results do not fit
the free-surface model in two ways, however; firstly there
is a consistent increase (for the well-defined values) of x
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with decreasing scale, and secondly, in some cases the
waves move toward the east although the Rossby-
Haurwitz wave-speed is westward. The values of x are
larger in winter or negative, which is consistent with the
-observation that the summer-winter differences in wave-
speed are greater than can be explained by the difference
in zonal wind.

The discrepancy of sign of observed and Rossby-
Haurwitz speeds is immediately removed if we re-define
the barotropic divergence term in equation (6) so that
the local derivative 0z/0¢ refers to a coordinate system
moving with the mean zonal wind. This is a straight-
forward procedure.

4. PREDICTION OF TRAVELING PLANETARY-SCALE
WAVES

PREDICTION BASED ON PREVIOUS CHANGES

We have already calculated the fractional reduction in
variance of each day’s change that can be obtained by
estimating it by the linear regression on the previous day’s
change. It is equal to the square of the vector correla-
tion coefficient, and is tabulated for each wave as R? in
table 1. These values correspond to a skill score for pre-
diction, since they give the fractional reduction of mean
square error of the geopotential height compared to hold-
ing the wave constant, exact prediction of the particular
wave corresponding to 100 percent. Similarly for predic-
tion based on the previous day’s change and that of
another “adjacent” wave; the corresponding ratios are
given in table 4. It should be mentioned that these
ratios are necessarily higher than would be achieved if the

TaBLe 5.—Correlations of changes with those predicted by spherical vorticity equation, for different values of divergence factor x.
corresponding to regression tensor
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regression coefficients were used with an independent
sample as in a realistic prediction situation. How much
higher depends on the stability of the regression coefficients
which needs to be determined from a larger sample than
we have considered here.

As would be expected, the ratios in table 4 are larger
than those in table 1, but they are in no case much higher;
the addition of another wave- as a predictor does not
produce any significant improvement.

The results must be considered somewhat disappointing
as regards practical prediction of these waves. Only Z3's
behavior in summer is regular enough for more than 50
percent of its variance to be accounted for. In summer,
results for many of the other harmonics fall in the 20-35
percent range, which may or may not be useful. In
winter only the largest-scale wave has more than 30 per-
cent of its variance explained by the regression.

PREDICTION USING THE BAROTROPIC YORTICITY EQUATION

We have computed the vector regression of the observed
changes on ‘‘predicted” changes calculated from the
spherical vorticity equation (7) with values of x ranging
from 0 to 24. The predicted changes were calculated for
simple Rossby-Haurwitz waves and using the non-linear
vorticity equation including interactions with wave-
numbers up to longitudinal wave-number 6. The restric-
tion to long-wave interactions was mainly because of
limitations on computer storage, but also because the
interactions with the other long waves are the most
important ones for the planetary-scale waves (see Eliasen
and Machenhauer [7]). The results of these regressions
are given in table 5.

7B s angle

January-February July-August
Rossby-Haurwitz Non-linear Rossby-Haurwitz Non-linear

x R, R? a9 R, R? ] x R, R? 29 R, R? a0

z! 0 0.58 0.34 +21° 0,55 0.30 +-26° 0 0.78 0.61 +19° 0,78 0.61 +1¢°
6 .58 .34 —g° .55 .30 -3° 6 .78 .61 —10° B - J— ~11°

18 .58 .34 ~25° .55 .30 —18° 18 .78 .61 —24° I8 -~26°

Z: 0 .54 .29 ~11° . 56 .31 —6° 0 .46 1 -17° .42 .18 ~2¢°
6 .54 .20 —14° .56 .31 —8° 6 .46 .2 -21° .42 .18 -27°

zz 0 45 .20 -15° .42 .18 -12° 0 .66 .44 +15° .52 .27 +15°
6 .45 .20 —36° .42 .18 —36° i .66 .44 —¢° .52 .27 —3°

z? 0 .35 .12 —48° .30 .09 —-39° 0 .52 .2 14 .50 .25 +2°
12 .35 .12 —54° .30 .09 —44° 12 .52 .27 -§° .50 .25 -7°

z 0 .39 .15 —38° .81 .10 —33° 0 .66 .44 +10° .66 44 +9°
6 .39 .15 —48° .31 .10 —41° 6 .66 44 -5° .66 44 —8°

z 0 .49 .2 —74° .2 .07 ~126° 0 C 42 .18 —15° L 42 .18 ~15°
12 .49 .24 —17° .26 07 ~127° 12 .42 .18 -19° .42 .18 ~19°
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[RH)Z, is change predicted using Rossby-Haurwitz wave, [BIIRHIZ;

is linear function of Rossby-Haurwitz change that best fits observed changes, Aa is angle corresponding to regression tensor [B].

The squared correlation coeflicients again represent the
ratio of explained to total variance for each harmonic.
The ratios are similar to those obtained for auto-regression
of daily changes in the previous section. Again only for
the largest scales, in summer in particular, can the corre-
lations be considered large enough to be useful. The
non-linear prediction does not yield any apparent improve-
ment over the simple Rossby-Haurwitz wave model.

If the regression angles A¢ for different X’s are compared,
it is seen that the best fit between predicted and actual
changes occurs for smaller values of x than those deduced
from the auto-regressions. In fact for all but Z} the best
fit would be obtained for negative values of x, which we
did not use in the computations. This is because in
computing the predicted change from the vorticity equa-
tion the changes are proportional to the deviation from the
mean. Large deviations from the mean, which are given
most weight in the regression, are most often followed by
changes toward the mean. This tendency toward the
mean superimposed on the rotation increases (negatively)
the apparent angle of rotation deduced from the regression.
All the vector correlation coefficients obtained using the
barotropic vorticity equation include the regression toward
the mean, which is relevant for prediction but not to
analysis of wave motions.

5. CONCLUDING REMARKS

The principal results of the paper are the details of the
behavior of the planetary-scale traveling waves. Some
general summarizing comments are, however, appropriate.

The waves move approximately in accordance with the
free-surface model of Rossby and collaborators [12], but
with a wide range of varying speeds, as of course do the
synoptic-scale waves. The different (latitudinal) har-
monics of the same longitudinal wave-number are corre-
lated with each other, but have different characteristic
speeds of their own. The variations.of movement of each
wave about its mean speed are not explainable in terms
of interactions, through the non-linear terms in the
barotropie, vorticity equation, with other waves.

The fluctuations of the waves are so irregular that
prediction of them to a useful accuracy does not seem to
be practical by the methods attempted in this paper,
except for the largest-scale wave Zj

ACKNOWLEDGMENTS

The spherical harmonics were kindly computed for us by Dr. H.
Ellsaesser of the Lawrence Radiation Laboratory, Livermore, Calif.
We wish to thank Mr. Keith Johnson for his assistance.



January 1967

REFERENCES

. T. W. Anderson, An Iniroduciion to Multivariate Slatistical
Analysis, John Wiley and Sons, New York, 1958, 374 pp.

. J. G. Charney, “The Dynamics of Long Waves in a Baroclinic
Westerly Current,” Journal of Meteorology, vol. 4, No. 5, Oct.
1947, pp. 135-162.

. G. P. Cressman, “Barotropic Divergence and Very Long Atmos-
pheric Waves,” Monthly Weather Review, vol. 86, No. 8, Aug.
1958, pp. 293-297.

. R. J. Deland, “Traveling Planetary-Waves,” Tellus, vol. 16,
No. 2, May 1964, pp. 271-273.

. R. J. Deland, “Some Observations of the Behavior of Spherical
Harmonic Waves,” Monthly Weather Review, vol. 93, No. 5,
May 1965, pp. 307-312.

. R. J. Deland, “On the Scale Analysis of Traveling Planetary-
Waves,” Tellus, vol. 17, No. 4, Nov. 1965, pp. 527-528.

. E. Eliagen and B. Machenhauer, ‘A Study of the Fluctuations
of the Atmospheric Planetary Flow Patterns,” Tellus, vol. 17,
No. 2, May 1965, pp. 220-238.

8.

10.

11,

12.

13.

Raymond J. Deland and Yeong-Jer Lin 31

T. H. Ellison, ‘‘On the Correlation of Vectors,”’ Quarterly Journal
of the Royal Meteorological Society, vol. 80, No. 343, Jan. 1955,
pp. 93-96.

B. Haurwitz, ‘“The Motion of Atmospheric Disturbances on a
Spherical Earth,” Journal of Marine Research, vol. 3, No. 3,
Dec. 1940, pp. 254~267.

R. W. Lenhart, Jr., A. Court, and H. Salmela, “Variability
Shown by Hourly Wind Soundings,”” Journal of Applied Meteor-
ology, vol. 2, No. 1, Feb. 1963, pp. 99-104.

D. E. Martin, ‘““An Investigation of the Systematic Errors in the
Barotropic Forecasts,” Tellus, vol. 10, No. 4, Nov. 1958, pp.
451-465.

C.-G. Rossby and Collaborators, ‘‘Relation Between Variations
in the Intensity of the Zonal Circulation of the Atmosphere and
the Displacements of the Semi-Permanent Centres of Action,”
Journal of Marine Research, vol. 2, No. 1, June 1939, pp. 38-55.
P. M. Wolff, “The Error in Numerical Forecasts Due to Retro-
gression of Ultra-Long Waves,” Monthly Weather Review, vol.
86, No. 8, Aug. 1958, pp. 245-250.

[Received November 8, 1965; revised August 15, 1966)



